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1. IK~RODUCTION 
As is well-known, it is generally not possible to endow the automorphism 
group of an affine algebraic group with the structure of an algebraic group. 
The typical illustration of this is the example of an algebraic toroid of 
dimension greater than 1. Here, we analyze the automorphism groups of 
connected affine algebraic groups over algebraically closed fields of charac- 
teristic 0, to an extent sufficient for obtaining a structural characterization 
of those groups whose automorphism groups have a natural structure of 
affine algebraic group that is fully compatible with that of the given afline 
algebraic group. It turns out that the only obstructions in this direction 
arise from the presence of certain algebraic toroids in the given group. 
The compatibility demands we make on the algebraic structure of the 
automorphism group of a group motivate our definition of a consemati~e 
group, on which we base our present investigation. \Vc say that an affine 
algebraic group is conservative if the action of its automorphism group 
on its algebra of polynomial functions is locally finite. If the group G is 
conservative, then its automorphism group has a natural and fully satisfactory 
structure of affine algebraic group. In fact, the property of being conservative 
is precisely what is needed for having the holomorph of G inherit an affine 
algebraic group structure with which it is the semidirect product, in the 
sense of affine algebraic groups, of G and its automorphism group. 
Throughout, we work in the category of afline algebraic groups over a 
fixed base field, the groups consisting of points rational over the base field. 
We. presuppose a knowledge of the basic classical results for these groups, 
such as are developed in [Z]. On the other hand, we take the invariant point 
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of view, from which the Hopf algebra of the polynomial functions appears 
as the primary mathematical object. Accordingly, our terminology is that 
of [2], where we have sketched the formalism of Hopf algebras that is used 
here. 
2. CONSERVATIVE GROUPS 
Let G be an afhne algebraic group over an arbitrary field F, and let 
A = d(G) be the Hopf algebra of the F-valued polynomial functions on G. 
Let W = w(G) denote the group of all affine algebraic group automor- 
phisms of G. We view A as a right W-module, with W acting by composition 
f + f o LY on A. In this way, we have an anti-isomorphism of W onto the 
group of all Hopf algebra automorphisms of A. We say that G is conservative 
if A is locally finite as a W-module, i.e., if, for every element f of A, the 
F-subspace of A that is spanned by the composites f 0 01, with OL ranging 
over W, is finite-dimensional. 
If f is an element of A, and 7 is a linear map A -+ F, then we denote by 
~,if the F-valued function on W that is given by (of) = r(f 0 a) for 
every a: in W. We define d(W) as the smallest fully stable algebra of 
F-valued functions on W that contains all these functions ~8 By “fully 
stable” we mean stable under right and left translations, as well as under 
the standard involution u -+ u’, where u’(a) = ~(a-‘). In the case where G 
is conservative, it is clear that ,cZ(W) is an algebra of representative functions, 
i.e., that JZ?( W) is locally finite as a right and left W-module, with W acting 
by translation. Therefore, the multiplication of W defines a comultiplication 
~(v+~Q4woJ4w) in the usual way, so that &(W) carries the 
structure of a Hopf algebra. 
THEOREM 2.1. Let G be an afine algebraic group over an arbitrary jield F. 
If G is conservative then (W, .rd( W)) is the strllcture of an afine algebraic 
group over F. 
Proof. From the fact that A is a finitely generated F-algebra, and that 
it is locally finite as a W-module, it follows readily that d(W) is finitely 
generated as an F-algebra. Since the anti-representation of W on A is 
faithful, x2(W) separates the elements of W. What remains to be proved 
is that every F-algebra homomorphism &(W) + F is the evaluation at an 
element of W. 
Let o be an F-algebra homomorphism -d(W) --+ F. We view the elements 
x of G as F-algebra homomorphisms A + F. In particular, for every x in G, 
and every f in A, we have an element x/f of&(W). Define the map CT= : A + F 
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by us(f) = u(xif). Clearly, (Jo is an F-algebra homomorphism, i.e., oz is an 
element of G. 
Let y denote the comultiplication of A, let x and y be elements of G, and let 
f be an element of A. Consider the element (xJJ)/~ of ‘d(W). If OL is an element 
of W we have ((x~)/ff)(=) = (xy)(fo 4 =f(+) 43% = (44 0 4r>>(r(f>). 
This shows that uzy = (uz @ a,) 0 y = uzuY . Thus the map x --f a, is a 
group homomorphism G -+ G. Denoting this homomorphism by u*, we have, 
for every f in /I, (f~ u*)(x) =I u*(f) = u(x!‘f). For a fixed element f 
of A, let jr ,..., fm be a basis for the F-space spanned by the composites 
f c cy, with a: ranging over W. Then we have maps pi : W + P such that 
f c cz = CT, pI(cy)fi . Hence (x!f)(~) .= I;., x(fJ &CL), which shows that 
the functions x/f, with x ranging over G, all lie in a finite-dimensional 
F-subspace of .&(W). Hence the restriction of u to the set of the x/j’s is a 
finite linear combination of evaluations at elements of W, i.e., there arc 
elements cr ,..., c, of I’, and elements (or ,..., LY,~ of W, such that u(df) := 
Cy=, cjx(f 3 q) for every x in G. Thusfo U* is the element CyY, cif 0 aj of /I, 
and we have shown that u* is a morphism of affine algebraic groups. 
If 77 denotes the antipode of the Hopf algebra .&(W), one verifies directly 
from the definitions that (u 0 T)* is the inverse of u*. Thus u* is an automor- 
phism of afhne algebraic groups, i.e., u* belongs to W. Finally, from the 
fact that (x,lf)(o*) = u(x/j) for every x in G and every f in A, one deduces 
easily that u coincides with the evaluation at u* on all of d(W), so that 
Theorem 2.1 is established. 
PROPOSITION 2.2. Let G be a conservative afine algebraic group over the 
arbitrary field F. Let L denote the Lie algebra of G, and let w(L) denote the 
afine algebraic group of all Lie algebra automorphisms of L. Then the naturil 
map 7 : “K(G) --z r;V(L) is a morphism of afine algebraic groups. 
Proof. We regard L as the Lie algebra of all differentiations /I -+ F at 
the neutral element of G. Then the differential T(X) of an element OL of 
W = %‘(G) is given by ~(a)(p)(f) = p(f 0 01)~ for all elements p of L, and 
all elements f of A. Choose elements fi ,..., fn in A such that the maps 
p + p(fJ constitute a basis for the dual space of L, and let (pl ,..., P,J be 
a basis of L. If f is any element of A, we denote by f” the linear map L -+ F 
given by f”(p) = p(f). Accordingly, if f is in A, and p in L, we denote by 
f “:p the linear map Hom,(L, L) -+ F given by (f “/p)(e) = f “(e(p)) = e@)(f) 
for every element e of HomF(L, L). Then the linear functionals fi”/pj evidently 
constitute a basis of the dual space of HomF(L, L). Hence, in order to prove 
that 7 is a morphism of affine algebraic groups, it suffices to show that, 
for each f “/p as above, the composite (f “/p) 0 7 : W + F belongs to the 
algebra -z?‘(W) of polynomial functions on W We have (f “/p)($a)) = 
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~(a)(p)(f) = p(fo OL), which shows that (f”/p) 0 T = p/f E d(w). This 
proves Proposition 2.2. 
PROPOSITION 2.3. Let G be an afinz algebraic group over the arbitrary 
field F, and suppose that the connected component G, of the neutral element 
in G is conszrvative. Then G is conservative. 
Proof. From each coset of G, in G, pick an element xi, so that G is 
the union of the G1xi’s; i := l,..., n, where n is the order of G/G, . For 
every element f of A, let fi denote the restriction to Gr of xi . f, where 
(xi *f)(x) = f(xxJ. In this way, wc obtain an injective linear map 
f---f (fi ,..., fn) of d(G) into the direct sum of n copies of &(G,). If f is 
an element of d(G), and OL is an element of IV, we have (f o a)i = 
(Xi * (f 0 a))c, = ((a(Xi) *f) * ~)c, = (ti(~i) *f)c, 0 q , where q denotes the 
automorphism of G, that is induced by a. As (Y ranges over W(G), the 
restricted translates (“(xi) . f )c, remain in a finite-dimensional F-subspace 
of &(G,). Since G, is conservative, it follows that their composites with (or , 
i.e., the (f o a)i’s, all remain in a finite-dimensional F-subspace of d(G,). 
Hence the f 3 U’S remain in a finite-dimensional F-subspace of .d(G), as was 
to be proved. 
3. INTRIKSIC CHARACTERIZATION 
From now on, we assume that our base field F is algebraically closed and 
of characteristic 0. First, we show that certain types of affine algebraic groups 
over F are conservative. 
Let S be a connected semisimple affine algebraic group over F. Let Q 
denote the group of all Lit algebra automorphisms of the Lit algebra Y(S) 
of S. Consider the adjoint representation 01 : S --f Q. The differential of (Y 
sends P’(S) onto the Lie algebra of all inner derivations of Y(S). Since 
S is semisimple, every derivation of 9’(S) is inner. Thus the differential 
of OL is an isomorphism of 9’(S) onto Z(Q). Since F is algebraically closed, 
or(S) is an algebraic subgroup of Q. Hence a(S) is the connected component 
of the identity in Q. In particular, or(S) is of finite index in Q. 
Since F is of characteristic 0, the canonical map 7 : W(S) -+ Q is injective. 
Let S* denote the group of the inner automorphisms of S. Then S* is a 
normal subgroup of W(S), and T(S*) = or(S). By the above, T(S*) is therefore 
of finite index in Q, whence S* is of finite index in W(S). The algebra of 
polynomial functions on S is evidently locally finite as an S*-module. 
Since S* is normal and of finite index in W(S), we can therefore conclude 
that S is conservative. 
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Sow let us consider an affine algebraic group G over F, of the form G, * S, 
where G, is the unipotent radical of G, and S is a connected semisimple 
algebraic subgroup of G. Let X denote the stabilizer of S in W(G). The 
standard conjugacy theorem for reductive subgroups shows that we have 
XG* -_ W(G), where G* is the group of the inner automorphisms of G. 
The restriction image Xs of X in W’(S) contains S*, and we have from 
the above that X,lS* is finite. It follows that, if Y is the element-wise 
fixer of S in W(G), then YG* is of finite index in XG* = W(G). Moreover, 
YG” is normal in %3’-(G), because Y is stable under the conjugations by 
elements of X, while every element of G* conjugates Y into YG*. 
Let A denote the algebra of polynomial functions on G. For any subset K 
of G, let AK denote the subalgebra of A consisting of the elements that 
are fixed under the left translations effected by elements of K. The semidirect 
product decomposition G .= G, * S is reflected in a tensor product decom- 
position 4 = AC* @ AS. Clearly, Y acts trivially on AGu, and stabilizes AS. 
If AS is identified with &(GU) by the restriction map, then the action of Y 
on As becomes the transpose of the action of Y on G, . For the unipotent 
group G, , the map f -* f 0 exp is an F-algebra isomorphism of .&‘(G,) onto 
the algebra .&(y(G,)) of all polynomial functions on the F-space 9(G,). 
If tx is an clement of W(G,), then ~10 exp = exp 0 ~(a). Evidently, the 
action on .al(P(G,)) of the group of the Lie algebra automorphisms of 
Y(G,) is locally finite. It follows that ,&‘(G,) is locally finite as a %“(G,j- 
module. In particular, the action of Y on AS is therefore locally finite, 
and the above tensor product decomposition of A now shows that A is 
locally finite as a Y-module. Since A is locally finite as a G”-module, and 
since G* is normal in I/G*, it follows that A is locally finite as a YG*-module. 
Finally, since YG” is normal and of finite index in W(G), we conclude 
that G is conservative. 
LEMMA 3.1. Let G be a connected afine algebraicgroup over the algebraically 
closed jield F of characteristic 0. Let P be a maximal reductive subgroup of G, 
and let T be the connected component of the identity in the center of P. Then 
G is conservative if and only if the restriction image in W-(T) of the stabilizer 
of T in Y+?(G) is jnite. 
Proof. We note that ‘I’ is a toroid, and we write T explicitly as a direct 
product of a finite family of copies of the multiplicative group F* of the 
non-zero elements 0fF. Iffi ,..., fn are the corresponding coordinate functions 
on T, then -,d( 1’) ~7 F[f, ,..., f,, , f ;* ,..., fill, and the fi’s are algebraically 
indcpcndcnt over F. Let OT be any element of W(T). Then each fi :, OL must 
be a morphism T + F*, and consequently is a product of integral (positive 
or negative) powers of the fj’s. If cyij is the exponent of fj in fi 0 LY, then the 
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map that sends each 01 onto the matrix with entries aij is an isomorphism 
of W(T) onto the group of integral n by n matrices with determinant 1 
or --1. 
As OL ranges over an infinite subset of W(7), there is no upper bound 
for the absolute values of the exponents qj , whence we see that d(T) 
cannot be locally fmite as a module for any infinite subgroup of @‘(T). 
Since every element of.&(T) is the restriction image of an element of d(G), 
the assumption that G is conservative implies that the action on d(T) of 
the restriction image in W(T) of the stabilizer of T in W(G) is locally finite. 
Hence we conclude that the condition of Lemma 3.1 is necessary. 
Now suppose that the restriction image in W(T) of the stabilizer of T 
in V(G) is finite. Let X denote the stabilizer of P in W(G). From the 
conjugacy theorem for reductive subgroups, we see that XG* = W(G). 
Clearly, X stabilizes T. Let 2 denote the element-wise fixer of II’ in W(G). 
Our assumption implies that Z n X is of finite index in X. Hence ZG* 
is of finite index in XG*, i.e., in Y?(G). Moreover, Z is stable under the 
conjugation action of X, and is conjugated into ZG* by the elements of G*, 
so that ZG* is normal in W(G). Therefore, in order to prove that the 
condition of the lemma is also sufficient, it suffices to show that d(G) is 
locally finite as a Z-module. 
We have P = ST, where S is a connected semisimple algebraic subgroup 
of G, and in fact is the commutator subgroup of P. Also, we have the 
standard semidirect product decomposition G = G, . P. Write H for the 
algebraic subgroup G, . S of G. One sees readily that H = [G, Gj G, , 
where [G, 67 is the commutator subgroup of G. Hence H is W(G)-stable. 
Let y : d(G) --t d(G) @d(G) d enote the comultiplication of .rrl(G). 
Combining y with the map d(G) @ d(G) ---f d(H) @ .&(T) obtained from 
the restriction maps .s4(G) -* x2(H) and *d(G) --f &(T), we have anF-algebra 
homomorphism 0 : J&‘(G) + S’(H) 8 d(T). From the fact that G = HT, 
we see that D is injective. Since Z stabilizes H, we have a right Z-module 
structure on d(N), via the restriction homomorphism Z -+ W-(ZZ). We 
extend this to a right Z-module structure on &(ZZ) @d(T) under which 
the elements of d(T) are fixed. Since Z leaves the elements of T fixed, 
the above map u is then a homomorphism of Z-modules. 
Kow we have H = G,, * S, whence H, = G, , so that H is of the type 
we discussed before stating Lemma 3.1. Hence H is conservative. In 
particular, s?(H), and therefore also d(N) @ d(T), is locally finite as a 
Z-module. Since (T is an injective Z-module homomorphism, this implies 
that d(G) is locally finite as a Z-module, so that Lemma 3.1 is proved. 
Now we are in a position to prove the following main result. 
THEOREM 3.2. Let G be a connected ajine algebraic group over the alge- 
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braically closed field F of characteristic 0. Let C denote the center of G, and 
let T be the connected component of the identity in the center of a maximal 
reductive subgroup P of G. Then G is conservative if and only if one of the 
following two conditions is satisfied: 
(1) C/C, is finite; 
(2) the dimension of T is at most 1. 
Proof. If condition (2) is satisfied, then Y’(T) is finite (trivial, or of 
order 2), and it follows at once from Lemma 3.1 that G is conservative. 
Xow suppose that condition (1) is satisfied, and let Y denote the stabilizer 
of T in g(G). Then Y stabilizes the algebraic subgroup G,7’ of G. By 
Lemma 3.1, G is conservative if the restriction image of Y in W’-(T) is finite. 
Hence, in order to prove that G is conservative, it suffices to show that, 
if Q is the stabilizer of T in W(G,T), then the restriction image QT of Q 
in %“(T) is finite. 
Consider the adjoint action of T on P’(G,). Since T is a toroid, we can 
decompose 9(G,) into a direct sum V,l -I- ... + V, of l’-submodules, 
where fi ,..., fn are mutually distinct morphisms T -+ F*, “and t . vi = fi(t) vi , 
for every t in T and every vi in l/l< (t * vi denotes the transform of vi by t 
under the adjoint representation). If (Y is an element of Q, and cyT is its restric- 
tion image in Qr , then the automorphism T(Z) of 9(G,) that corresponds 
to LY. maps Irfi onto some V,j, and WC have fj = fi c agr. In this way, we 
have a homomorphism 6 of Q into the finite group of permutations of the 
set (fi ,..., f,J. Let LY be an element of the kernel of 6. Then the adjoint 
action of a(t) t-l on P(GJ is trivial for cvcry t in 1’. Hence each a(t) t-l 
centralizes G, , and therefore lies in the center C of G. Let u be the map 
of T into CjC, that sends each element t of 1’ onto the canonical image 
of a(t) t-l in C/C,. Then (J is a morphism of affine algebraic groups of T 
into C/C,. By our assumption, C/C, is finite, whence (T must be the trivial 
map, which means that each a(t) t.-.’ lies in C, . The map t + a(t) t-I is a 
morphism of affine algebraic groups. Since 1’ is reductive, and C, is unipotent, 
it follows that we must have a(t) = t for every t in T, i.e., that iyr is the 
identity element of V(T). Since the kernel of 6 is of finite index in Q, this 
shows that Qr is finite, so that G is conservative. 
It remains to show that if neither (1) nor (2) is satisfied then G is not 
conservative. Let us write T = Tc, x TI , where 1’,, is the connected 
component of the identity in C n I’, and TI is a complementary toroid. 
First, consider the case where T,, is of dimension greater than 1. As before, 
we have I’ = ST, so that G = (G,,ST,) TO . The factor GST, is an algebraic 
subgroup of G, and its intersection with T,, is finite. One sees easily that 
there are infinitely many elements of r’I(T,) that leave the elements of 
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(GUST,) n T,, fixed. Clearly, each of these extends to an element of W(G) 
that leaves the elements of G,,S1; fixed. 
Kow observe that T,, cannot be trivial, because otherwise condition (1) 
would be satisfied. Hence, if the dimension of T,, is not greater than 1, 
then T,, must be l-dimensional. Since condition (2) is supposed to be not 
satisfied either, T1 is then nontrivial. Hence there are infinitely many mor- 
phisms p : TI -+ TO whose kernels contain the finite group (GUST,,) n TI . 
For each such p, we have an element p* of W(G) such that p* leaves the 
elements of GJT, fixed, while p*(i) =: I for every element z of TI . 
‘I’hus, in any cast, the restriction image in V(T) of the stabilizer of T 
in -tY-(G) is infinite. By Lemma 3. I, this implies that G is not conservative, 
so that our proof of Theorem 3.2 is now complete. 
rhEORRM 3.3. Let G he a connected ajine algebraic group over the 
algebraically closed field I; of characteristic 0. Suppose that the canonical 
image of ,V( G)) in “W(P( G)) is an algebraic subgroup of YY(X(G)). Then G is 
conservative. 
Proof. Let 7 denote the canonical map W(G) ---f @*(Y(G)). Let T be 
as in Lemma 3.1, and let X be the stabilizer of I’ in W(G). Our assumption 
is that 7cW(G)) is an algebraic subgroup of W(P’(G)). Clearly, T(X) is 
the stabilizer of P’(T) in T(W(G)), and hence is still an algebraic subgroup 
of %?(P’(G)). Hence the restriction image of r(X) in W(Y( T)) is an algebraic 
subgroup of W(P’(T)), and it is evidently contained in the canonical image 
of am. In fact, it is the canonical image of the restriction image of X 
in W(T). 
Xow observe that r’y‘(P’(T)) . IS simply the full linear group on the F-space 
Y(T). Referring to our discussion of %+-( 2’) at the beginning of the proof 
of Lemma 3.1, we see that there is a basis of Y(T) with respect to which 
the canonical image of W(T) appears as the group of all integral matrices 
of determinant 1 or - 1. Let H be any algebraic subgroup of W(-IP(T)) 
that lies in the canonical image of -W(T). We claim that I1 must be finite. 
Let fjj (with i andj ranging from 1 to the dimension II of T) be the polynomial 
functions on W(P(T)) such that fij(a) is the (i, j)-entry of the matrix 
representing X, for every element OL of *@“(&f(T)). Let gij be the restriction 
image of fij in the algebra .ti(H,) of polynomial functions on II1 , the 
connected component of the identity in H. If HI is nontrivial, then at least 
one of the gij’s is nonconstant, and thus is algebraically free over F. Let II 
be such a gij . By elementary specialization theory, there is a nonzero 
polynomial p(u) in F[u] such that every F-algebra homomorphism F[u] + F 
not annihilating p(u) extends to an F-algebra homomorphism ~~‘(11~) ---fF, 
i.e., is the evaluation at some element h of HI . Clearly, there are such 
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F-algebra homomorphisms F[u] --, F that map u onto an element of F that 
is not a rational integer. On the other hand, u(h) is a rational integer, because 
H, consists of integral matrices. Thus we have a contradiction. Our conclusion 
is that HI is trivial, so that H is a finite group. 
Returning to the first part of our proof, we now have the conclusion 
that the canonical image in W(Y(1’)) of the restriction image of X in W( 1’) 
is finite. This implies, since the canonical map is injective, that the restriction 
image of X in W(T) is finite. Hence we have from Lemma 3.1 that G is 
conservative, so that ‘Theorem 3.3 is established. 
Sote that the converse of Theorem 3.3 Jzolds also, by virtue of Theorem 2.1 
and Proposition 2.2. 
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